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Computing modular polynomials

@ Dimension 1 : elliptic curves

© Dimension 2 : abelian surfaces
@ Computation of the modular polynomials
@ Smaller invariants

© Real Multiplication : cyclic isogenies
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Computing modular polynomials

° Dimension 1 : elliptic curves
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Motivation

An isogeny between two elliptic curves E; and Ej; is a surjective map with
finite kernel. The degree of the isogeny is the cardinality of the kernel.

Many applications :

@ Theory;
Cryptography : transfert the DLP;
SEA algorithm

Class polynomials;;

Graph of isogenies.
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Motivation

For cryptography, we work over finite fields.

Here, we work on C.
@ The theory is “easy” on C;
@ Numerical computation;

@ The modular polynomials can be reduced modulo p.
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Complex elliptic curves

Let H1 ={a+1b: b >0} C C be the Poincaré half plane.

Proposition

Let E/C be an elliptic curve.
Then there exists a lattice

N=7Z+1Z, where T € Hy

and a complex analytic isomorphism E ~ C/A of complex Lie groups.
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Isomorphism

Modular group : SLp(Z) = {(25) :a,b,c,d € Z,ad — bc = 1}

Group action :

SLo(Z) x H1 — Ha

(28)7 = &5

Proposition

Two elliptic curves E1 and Ey over C corresponding to the lattices
N =Z + 117 and Ny = Z + 17 are isomorphic if and only if there exists

v € SLy(Z) such that mp = 7.

= change of basis of the lattice.
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Fundamental domain F;

Hi1
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Fundamental domain F;

Hi1
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Fundamental domain F;

Hi1
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Modular function

Let p be a prime and
Fo(p) = {(25) € SLa(Z) : c=0mod p} .

Definition
Let T C SLy(Z) be a congruence subgroup of finite index.
f : H1 — C is a modular function for I if

@ f is meromorphic on H; (and on the cusps);

@ forally el and T € Hy, f(yr)=1(7).

Example
@ j(7) is a modular function for SLy(Z) ;
o jo(7) :=j(p7) is a modular function for To(p).
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Modular function

Let I C SLx(Z) be a congruence subgroup of finite index. Denote by Cr
the field of modular functions for I'. Then

Theorem
o Cgr,z) = C();
® Cryp) = C(,Jp)-
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Isogeny

We are interested in the isogenies of degree p.
Let C,, be a set of representatives of SLy(Z)/o(p).

The isogenous points of degree p are : pyr, v € Cp.

Theorem

The field extension Cr(p)/Csi,z) = C(,Jp)/C(j) is algebraic of degree
[SL2(Z) : To(p)] = p + 1.

Conjugate functions of j, in Cr(p)/Csryz) : jp(7) :=j(py7), 7 € Cp.
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Modular polynomial

The classical modular polynomial of index p is the polynomial ®, that

parameterizes isomorphism classes of elliptic curves together with an
isogeny of degree p :

®p(X,J(E)) = II (X —J(E")).

E’ p—isogenous to E

It is also the minimal polynomial of j, for the extension (Cro(p)/CSL2(Z),
thus

op(X,j) = [ (X=J73) € Z[X.j].

7€Cp
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Algorithm

Computation of the modular polynomials by evaluation/interpolation
(Enge 2009).

p
(X, )= [T (X =j0) =XPT 4> ()X’
v€Cp i=0

@ Evaluate :

P
[T X =itpym)) = XxPT 4 > a(i(m) X'
veCp i=0
= Evaluate in deg;(®,) + 1= (p+ 1)+ 1 values 7.
@ Interpolate ¢;.
Evaluation of j in O(N) at precision N digits (Dupont 2006) ;
Algorithm quasi-linear : O(p3).
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Examples

p = 2 ©y(X,Y) = X3 + (= Y2 + 1488Y — 162000)X2 + (1488Y?2 + 40773375y + 8748000000)X + (Y3 — 162000Y2 +
8748000000Y — 157464000000000)

p = 3 030X, ¥) = X* + (=Y 4 2232¥2 — 1069956 Y + 36864000)X3 + (2232Y + 2587918086 Y2 +
8900222976000Y + 452984832000000)X2 + (—1069956 Y3 + 8900222976000 Y2 — 770845966336000000Y +
1855425871872000000000)X + (Y* + 36864000 Y 4 452984832000000 Y2 + 1855425871872000000000Y)

P =05 e5x,v)=

X8 +(—Y®+3720Y* — 4550940 Y3 2028551200 Y2 — 246683410950 Y + 1963211489280) X> + (3720 Y° + 1665999364600 Y * +
107878928185336800 Y > + 383083609779811215375 Y2 + 128541798906828816384000 Y + 1284733132841424456253440)X* +
(—4550940Y° + 107878928185336800 Y* — 441206965512914835246100Y> + 26898488858380731577417728000Y2 —
192457934618928299655108231168000Y + 280244777828439527804321565297868800) X > + (2028551200 +
383083609779811215375 Y + 26808488858380731577417728000Y> + 5110941777552418083110765199360000Y2 +
36554736583949620205706472332656640000 Y + 6692500042627997708487149415015068467200) X2 + (—246683410950Y° +
128541798906828816384000Y* — 192457934618928299655108231168000Y> +
36554736583040629295706472332656640000 Y2 — 264073457076620596259715790247978782949376 Y +
53274330803424425450420160273356509151232000)X + (Y© 4 1963211489280 Y° + 1284733132841424456253440Y* +
280244777828439527804321565297868800 Y > + 6692500042627997708487149415015068467200Y2 +
53274330803424425450420160273356509151232000 Y + 141359947154721358697753474691071362751004672000)

Other invariants : Schlafli, Weber, theta functions.

Schlafli 1870, p =5 : x® — x5y + 4xy + y°.
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Computing modular polynomials

a Dimension 2 : abelian surfaces
@ Computation of the modular polynomials
@ Smaller invariants
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Computing modular polynomials

o Dimension 1 : elliptic curves
e Dimension 2 : abelian surfaces

@ Computation of the modular polynomials

e Real Multiplication : cyclic isogenies
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Motivation

Dimension 2 : principally polarized abelian surfaces (ppas) = Jacobian
of hyperelliptic curves of genus 2 (or product of elliptic curves);

Cryptography : competitive with elliptic curves;

=—> we want to do the same thing!
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Siegel space

Siegel upper half-space H; the set of 2 x 2 symmetric matrices over C
with positive definite imaginary part.

Ppas on C : A~ C?/A\ where A = 72 + QZ2, with Q € H, (period
matrix).

Let J = <—(I)d2 132)_ Symplectic group :

Spa(Z) = {v € GLy(Z) : ydy = J}.
Group action : (2 8)Q = (AQ+ B)(CQ+ D).
We have a fundamental domain F5.

Siegel modular threefold : Hy/Sp,(Z).
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Modular forms and functions

Let ' be a subgroup of finite index of Spy(Z) and k € Z.

Definition
A Siegel modular form of weight k for I' is a function f : Ho — C such
that :

© 1 is holomorphic on H ;

Q@ (V) =det(CQ+ D)*F(Q), Vy=(2E) el and Q€ H,.

Definition

Siegel modular function for I : f = quot/ent of Siegel modular forms
of same weight. Thus, f(7Q) = f(Q )
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Theta functions
Theta functions (of characteristic 3) :
Define for a = (ap, a1) and b = (bg, b1) in {0,1}2 :

a
9b0+2b1+430+821 Q) EZ:Z eXp(27r (n ) ( 2) +am ( + 2)b)
n

@ 16 theta functions;

@ 6 are identically zero;

e P=1{0,1,2,3,4,6,8,9,12,15};

e 0?2 = Siegel modular form of weight 1 for (2, 4).

r2,4)= {(ég) € Sp4(Z) - (ég) = Idy mod 2, By = Cy = 0 mod 4}.
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Theta functions

Let
hio = [Tiep 07,

hs = ZieP ‘9?’
he = 3260 triples (1. kyers T(0:0;0x)",
hi2 = 215 tuples (iJ,k,I,m,n)e’PG(Qiejekeleman)4-

= h; is a Siegel modular form of weight i for the group Sp,(Z).
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Generalization of the j-invariant

Definition
We call Igusa invariants, or j-invariants, the Siegel modular functions

J1,J2,J3 for Sps(Z) defined by

_hy, o hahi, . (hiohs — 2hehio) b3,

hi=45 L= y  J3
th hlllo 3h£110

Theorem (lgusa 1962, Spallek 1994)
The field of Siegel modular functions invariant by Sp,(Z) is C(j1,j2,J3)-

Generically, two ppas have the same j-invariants if and only if they are
isomorphic.
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Isogeny

The functions
jg,P(Q) :Jf(pQ)7 l= 172737
are Siegel modular functions for 'y(p), where
={(25) €Spy(2) : C=0mod p}
is of index [Sp4(Z) : To(p)] = p3 + p?> + p+ 1.
Ppas (p, p)-isogenous to Q : pyQ2, where v € Cp, = Spy(Z)/To(p).

Theorem (Broker-Lauter 2009)
The field of Siegel modular functions invariant by To(p) is C(j1, /2, J3, J.LP)-J

We define
i) = jl(prQ), £=1,2,3.

)
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Modular polynomials in dimension 2

®1,(X) = [[ (X =7,),

v€Cp
(minimal polynomial of the extension C(j1, 2, 3,/1,p)/CU1,j2:3)),

and for / = 2,3, V,(X)=>4, J] & —fl;)-
~eCp 7'€Cp\ {7}

Proposition (Broker-Lauter 2009)
q)l,p) lIJ2,pa w3,p S @(j17j27j3)[x]' J

We have j/ () =
Voo (1 p (), 1(2), 2(). j3(2)) /@, (17 (), j1(2), 2(R), j3(2))-
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Algorithm

How to compute the modular polynomials?
Evaluation /interpolation :
. pP+p*+p .
®1,5(X, 1(2), 2(R),j3(R)) = XP PP LN (1 (), 12(Q), j3(2)) X
i=0

where ¢; € Q(j1,j2,/3)-

Problem : Interpolation of trivariate rational fractions.
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Interpolation

We can not choose the matrices €2 as we want !

j§1’1)
J.2(1) .§1,2)
AN
i ZJ‘” i
N\
i"
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Complexity

Inversion : (j1(Q), 2(R),/3(R)) — Q in O(N) (Dupont 2006).

Fast evaluation of the Igusa invariants : O(N) (Dupont 2006,
Enge-Thomé 2014).

Complexity of the computation of the modular polynomials :
O(d d;,d;p°N).
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Streng invariants

The modular polynomials have been computed by Dupont for p = 2 only.
For p = 3 they are too big.

Other invariants ?

= Streng 2010 :

; hahe h3hi1o i h3
1 h1o ’ hiy . hi
while Igusa :
. R hshd, . (hioha — 2hehio)h2,
J1 = hT? 22 = hT, 3= 3Ipt :
10 10 10
Theorem
The field of Siegel modular functions is C(j1, j2,j3) = C(i1, iz, i3). J
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Comparison

For p=3:®13(X,f,fh B) =X+ 3 c(fi,h KX

i\ | j2 | 3 03
0 [ 394 61288 32278 32
1 {302 61286 32276 31
2 1302 61|28 32 |276 31
37 | 268 41 | 382 22 | 253 21
381263 36 |375 21 |248 19
30 | 257 31 | 367 20 | 243 17

Memory space :

@ p=2:2.1 MB against 57 MB.

e p=3:890 MB.
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Denominators

@ Denominators for Igusa invariants for p = 2 :
JDa(j1,j2,j3)® (a ranging between 5 and 21)
@ Denominators for Streng invariants for p = 2 :
i5'Da(i1, iz, i3) and i5' Do (i, ia, i3,)2 (v varies from 0 to 3)
@ Denominators for Streng invariants for p = 3 :

i8D3(i1, io, i3)? and i§'Ds(i1, iz, i3)* (a varies from 0 to 4)
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Examples

Dy(lg) = 2361967 + (—972j2 + (5832j3 + 19245600),> + (—8748j2 —
1049760003 + 125971200000))# + (5 + (—12j3 — 77436),5 + (543 +
870912j3 — 507384000) i3 + (—108j3 — 3090960,2 + 209952000053 )2 +
(8Lj3 + 3499201 )3 + (785 + (—1332j3 + 592272))3 + (89102 —
4743360)3))3 + (—29376/3 + 9331200/2),2 + 479523 j> — 31104/3)2 +
(—159j8 + (17283 — 41472)j5 — 604824 + 6912;3;3)j, + (80,7 — 384/3,%).

Dy(Str) = (24576312 + (96i3 — 460832 )it + (—6220800/3/> — 1228823 +
(—23328i5 — 48i3i3 + 1088640i3i5 + 2304,'32;2 + 24883200i2)i2 +
(93312/3i3 + 419904000/3/'2 5909760i2 > + (1536i3 8398080000/5))/'1 +
(14171765 — 5832i3i5 + (6i2 — 94478400i3)i3 + 287712i2i5 + (—288i3 +
1154736000i2)i» + (—248832i3 + 755827200000i2))).
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Dy(Str) = 1073T4182iinis + 1048576i}2% — 1006632961 %5315 — 597249336471120; Bitid
1530636841717 3 it i+ 303 76172
iy ~2020) 0224 717764 2it TT0839680:2121—
191 WigiZ+1! 5211073396271 1 9810520214160+ 1 2iai3—57161118334951 17068¢
21 113661002477184i3i212 i ATIS5021%] 1
15261 3 5
10742 : 17807 14838411112 70220541001
9437184082213 + 1903613342 — i+ 51452 5 513
2 Bid+ 1151 171351407720664iy 514 + 1 15634349¢
132323637 i 71231 il 3 4t oy 5 1
191703825351 i 7 676969716677¢ idig 17 il 177641304
. 120711t 7 it 1538121 215461 131166517641
i 1201 7 1968763 208450 . o
itid 3 120i15i1+
R0 ; 7029618 50389175021
T84 1193420277 it I
it 14
2150871 7781 55112437701007156847: - 1
552 : b 52
{133 i — 3 BO7 :
2887568176611+ 15571 : it 2561414 3
1081207185408} 57611133 3 3 it
2617137 i 3 25762
T6idifi+ 1 5 19106TT2TTO4TOTIS 41413 + 243
107 673335901 |
e 15216015
§
i 18112177
ATIS5020i1i5-+T1004:
303+
883081 ! I853TTASISI}iGi—
iz} +3 i 1770721821
A aig

319627765367941 1911720961
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Computing modular polynomials

e Dimension 1 : elliptic curves

a Dimension 2 : abelian surfaces

@ Smaller invariants

e Real Multiplication : cyclic isogenies
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Alternative invariants

= look at modular functions for another group.

bi(Q) = GG i =1,2,3,

Modular functions for (2, 4).
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Modular polynomials with by, by, b3

Theorem (Mumford, Manni)
The field of modular functions invariant by I'(2,4) is C(by, bz, b3). J

We look at Cp, =T(2,4)/(To(p) NT(2,4)), p > 2.

The index is still p> + p? + p + 1.

Proposition

The field of modular functions invariant by T'o(p) NT(2,4) is
(C(b].7 b27 b37 bl,p)-

We compute ®1,(X, by, by, b3) = [],ec, (X — b ,) and

Vip(X, b1, b2, b3) =30 cc, b, [Lyec 3 (X = b ,). They are in
Q(bx, b, b3)[X].
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Algorithm

o Evaluation of the b; in O(N) (Dupont 2006, Enge-Thomé 2014).

@ Inversion : (b1, b, b3)(Q2) — Q7
(b1, b2, b3)(2) — (j1, )2, /3)(2) — 2 mod Sp,(Z).
Problem : we want Q mod I'(2,4)!

Solutions :
e Compute b;(7Q2) for v € Spy(Z)/T(2,4). But index 11520!

@ Use of functional equation of the theta functions.
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Denominators with the theta functions

Polynomials computed for p = 3,5,7.
Always Dp in the denominator.
Ds(b1, bo, b3) = 64(b2b3b3)(16bFb3b3 + 1)(b} + b + b3)

—32(48b}b3b% + 16b2b3b3 + 1)(b1bs + bibg + b3bg)+
256( b3 b8 + bSbS + b§bS) + 32(bf b3 b3)(—24bb3bs + 80b2b3b3 + 13) + 1.

It is symmetric and there are relations modulo 2 and 4 between the
exponents.
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Symmetries

Theorem (M. 2014)

For all prime p, we have ®1 5(X, b1, bz, b3) = ®1 (X, b1, bs, bp) and
Vs (X, by, b3, bo) = W3 (X, by, by, b3).

Proof : there always exist v € Sp,(Z)/I'(2,4) such that for all Q € H; :

bi(vQ2) = b(Q) b1p(¥2) = b1p()
(1) = B(Q) and by p(7Q2) = b3 ()
b3(vQ) = b(Q) b3p(vQ2) = b2 p(2)

®; p is a minimal polynomial.
Uy o(b1p) = bg7p¢’17p(b1’p) for £ = 2,3. Action on W5 ,(X) :

Wy o(b1p, b1, b3, bp) = b3 p® ,(b1,p, b1, b2, b3) := W3 p(b1 p, b1, by, b3).
P
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Relations modulo 2 and 4

We look at matrices ~ such that

bi(vQ2) = i“1b1(Q) b1,p(v2)
by (7Q2) = i*2b,(Q) and b p(v2)
b3(7€2) = i“b3(2) b p(742)
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Comparison

Forp=3:
il hp b b o b b| j3 i3 b3
0 |394 61 401|288 32 110|278 32 10
1 {302 61 37286 32 12| 276 31 12
2 1302 61 38|28 32 14| 276 31 14
37 1 268 41 17 | 382 22 116|253 21 16
381263 36 14 | 375 21 114|248 19 14
30| 257 31 13367 20 12| 243 17 12

@ p=3:175 KB = ~ 5000 smaller than Streng;

e p=5:200 MB;

e p=17:30GB;
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Computing modular polynomials

e Real Multiplication : cyclic isogenies
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Hilbert space

Let D € Z7° and K = Q(+/D) a real quadratic field. We take D € {2,5}
for simplicity.

The group SLo(Ok) acts on H3.

Proposition

The Hilbert modular surface H2/SLy(Ok) is a moduli space for
isomorphism classes of ppas with real multiplication by Ok.

Let p a prime number such that
p=06, Be Ok

jB-isogenous surfaces : Byz, z € H3 and v € Cp, = SLa(Ok)/To(B);
#Cp=p+1.
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Hilbert and Humbert

The following diagram is commutative :

12 ¢ Ha

| |

H3/SLa(Ok) —'— Ha/Sp4(Z)

where p is generically of degree 2 onto the Humbert surface Hp,.
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Hilbert modular function

Gundlach invariants : J; and J, for D = 2 and 5 only.

Two modular polynomials ®5 and W3 in Q(J1, J2)[X].
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Algorithm

For D =5, we have (Resnikoff 1974, Lauter—Yang 2011)

jhod = 8h(3J3/h —2)5

faod = 5h(35/h—2)%

Bod = 2734(3J3)h —2)%(4J3 ) + 2532 )y — 3).
These equations can be inverted by Grobner basis.
Fast evaluation of the Gundlach invariants :

z = ¢(2) = Q2 = (1(2),2(2),3(Q)) = (h1(2), (2)).

Inversion of the Gundlach invariants :

(J1(2), £2(2)) = (1(6(2)), 12(8(2)), 3(6(2))) = ¢(2) = 2.
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Results

D=2

p

17

23 31 41

Memory space

8.5KB | 172KB

5.8MB

21MB | TOMB | 225MB

p

11

19

29 31

Memory space | 22KB

3.5MB

33MB

188MB | 248MB
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Theta functions

Other invariants ?

ji:jiogba I:17273
or y

bj=bjo¢, i=1,2,3.

Works for any D. Three invariants for a space of dimension 2 : need the
equation P of the Humbert component (Gruenewald 2008).

Interpolation : Q(El, by, E3)/(P) = Q(BL 732)[733]/("3)
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Conclusion

@ Implementation and generalization of the algorithm of Dupont;

@ Used smaller invariants and proved properties with them;

@ Definition and computation of modular polynomials with cyclic
isogenies.
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Perspectives

@ Compute more modular polynomials ;
@ Release the code;

@ Applications of the polynomials.
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